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Report Summary  
This document describes validation of the FX Arithmetic Average Rate Asian Option with FXOMarket and 
FXOTheoretical Pricers. 
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Section 1. Sample Trades 

We use the following Asian Arithmetic Average Rate Option Trades as test cases: 

 

The above are three identical Average Rate option trades. The first trade is priced using FXOMarket 
Pricer with USE_SMILE_VOL = True. The second trade is priced using FXOMarket Pricer with model 
parameter USE_SMILE_VOL = False, i.e., ATM Volatilities are applied. The third trade is priced using 
FXOTheoretical Pricer where ATM Volatilities are applied. 
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The Daily Fixing Schedule 
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FX Fixing Source (Cash Settle Case): 

 

 

Note that the FX Reset time is 12:30PM NY Time Zone. In our example the valuation date time is “9-Feb-
2023 11AM” so that the FX fixing rate on valuation date is unknown and the FX rate on valuation date 
have to be forecasted from given market curves. 
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Section 2. FXOMarket/FXOTheoretical Pricers 
Analysis 

2.1 The Average Rate Model 

The Average Rate Asian options are options where the payoff depends on the arithmetic average of the 
price of the underlying asset against a given strike during the life of the option.  
 
The payoff from an average rate option is: 
 

max( ( ),0)TA K −                 (A) 

 
where, 

1 1

1 m n m n

T j jj j
A S w S

m n

+ +

= =
= = 

+
 

,    

1
w

m n
=

+  

 

Here we assume there are m  known fixings ,  jS j m  by the valuation time and n  unknown fixings 

,  jS m j m n  + on future observation dates  ;  1, ,iT i n= . TS  is the expected fixing on the last 

fixing date nT  

1,   ;  1  if call if put = −
  

 

We assume that the underlying asset value S  is lognormally distributed satisfies the Geometric 
Brownian process: 
 

( )d fdS r r Sdt SdW= − +  

Or equivalently, 

   2(ln ) ( 0.5 )d fd S r r dt dW = − − +                            (B) 

 
Or 

2 2( 0.5 ) 0.5( ) (0) ( )d fr r t t t tS t S F te e
     − − + − += =              

 

The standard volatility of S  is then: 
 

2

[ ( )] 1tS t e = −  

 

Where 
2( )v t t=  is the time-variance interpolated from the assigned volatility surface. 

 
We define the averaged known fixings (there are 7 fixing rates in our example) as 
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0 1

m

jj
K spread w S

=
= =   for arithmetic case 

 

For each future observation date time iT , (trade cut time) we can calculate the forward FX rate, denoted 

as if  (there are 113 forecasting FX fixing rates in our example): 

 

( ( )) / ( )
(0)

( ( )) / ( )

Pri Pri

i
i Quo Quo

i

Df spotDate T Df spotDate
f S

Df spotDate T Df spotDate
=                           (C)  
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2.2 Calibration of Schedule Variances 

2.2.1 Smile Volatility Adjustment  

When the model parameter USE_SMILE_VOL = true for Arithmetic average case, we apply the following 
smile volatility interpolation methods: 
 

For each future observation date time iT ,  we interpolate the corresponding time-variance from the 

volatility surface on each forward rate if : 

 

( ;  , , , , , )i Smile i i iv volatilitySurface f valDateTime volSurfaceDateTime T spotFX f timeZone=           (D) 

 
In our example 

• 2/9/ 2023  11valDateTime AM=  

• iT =  every date from 2/9/2023 to 7/25/2023 @12 :30 : 00 PM  

 
Please refer to the document “FX Volatility Surface Interpolation” for details. Note that due to the daily 
volatility will be interpolated from volatility surface so that we assume here the volatility date time is 
the same as valuation date time. 
 

Arithmetic Average Rate Case 

In this case, we take the normalized volatility of if  by  

 

( ) 1iv

i if e = = −                                (E) 

 
We further adjust each forward FX rate by using volatility-weighted: 
 

i i i if f f = +   

 

where 
( )01

1 1

1
max ,  

n

jj

i i n n

j j j jj j

K w f K

w f w f
 

 

=

= =

 −  +
 =  −
     
 



 
 

 

Here we can also control 
( )01

1 1

1
,  

n

jj

n n

j j j jj j

K w f K

w f w f 

=

= =

 −  +
 −
     
 



 
 to be inside of the range of 

[ 32,  32]−  – the volatility-weighted forward rate if   changes is bounded inside the range of 

[ 32 ,  32 ]i i i i i if f f f −   +   .    
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Using the above each smile-adjusted forward FX rate we then re-interpolate the time variance which we 

denote by iv : 

 

( ;  , , , , , )i Smile i i iv volatilitySurface f valDateTime volSurfaceDateTime T spotFX f timeZone=  

 
 We then have: 

( ) 1iv

i if e = = −                                 (F) 
 

 

Remark: In a special case where 00,  0,  ,  i c i cm K f f  = =   , and the forward rate is not far from 

strike, we then have: 
 

( )
 1

max ,  max 1,   
most likely

c
i i i c c

c c c c

i

K f
f f f f K f K

f f


 

 −
= +   − = + − − → 

  
  

 
The targeted variance is then interpolated on the strike in this special case which is similar to the vanilla 
European option valuation.  
 
Thus, the above calibration process is trying to use the volatility skewness feature to find volatility which 
is slightly off the ATM volatility with certain boundaries.   
 
Normally, there are not much discrepancy in valuation without calibration of variances when the market 
data is reasonable. In our example such discrepancy on PVs is about 0.08%. 
 
 

The adjusted forward rates if  are used for skew-liked variances interpolation only. The original forward 

rates are used in the remaining option valuation. 
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2.2.2 Use ATM Volatility 

When the model parameter USE_SMILE_VOL = False for Arithmetic average case. In this case FXOMarket 
Pricer is identical with FXOTheoretical Pricer as both use ATM volatilities in valuation.  
 
There are two options to interpolate the ATM volatility driven by the model parameter TV_ATM_TYPE as 
follows: 
 

TV_ATM_TYPE = Market Concordant 

In this case, for each future observation date time iT ,  we resolve for the corresponding ATM time-

variance from the volatility surface: 
 

, ( ; , , , , , )implied

ATM i Smile i i iv volSurface K valDateTime volSurfaceDateTime T spotFX f timeZone=       (G) 

 
Such that for a call option with option premium in quoting currency and the delta quotes are in quoting 
currency, we have: 

2

,

,

ln( / ) 0.5
0.5

implied

i i ATM i i

ATM i i

f K T
ForwardDelta N

T





 +
= = 

 
 

 

 
In this case the smile-adjustment in (E) and (F) is skipped and simply we use: 
 

,i ATM i =  2

,i ATM i iv T=                                 (H) 

 
 

TV_ATM_TYPE = Forward 

In this case, the volatility is directly interpolated from (D) on each forward rate.  
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2.3 Arithmetic Average Option Formula 

2.3.1 The Turnbull-Wakeman’s Moment Matching 

We now define the first three moment functions for 0 1

n

T ii
X A K w f

=
= − =   at given time t : 

 

1 1

n

ii
M w f

=
=   

( )2 2 2

2 1,
2i i

n v v

i i ji j i
M w f e w f f e

= 
=   +     

( )2 23 33 3 3 2 3 2 3

3 1, ,
3 3 6i j i ji i

n v v v vv v

i i j i j i j ki j i k j
M w f e w f f e w f f e w f f f e

+ +

=  
= + + +  

 
And the corresponding central moments are: 
 

1 1

2

2 2 1

3

3 3 1 2 13

M

M

M



 

   

=

= −

= − −

 

 
 
On the other hand, based on Turbull-Wakeman’ moment matching approach, we assume:  
 

0TA K F Z− =  +    

for some to-be-defined constant coefficients  , F , V , and 
0.5V VZ e − +=  is a lognormal variable with 

(0,1)N   

 

Note that for a lognormally distributed variable Z , if 
2ln ( , )Z ZZ N    then we have moments for any 

integer 1n  : 
2 20.5

[ ]n Z Zn n
E Z e  +

=  

 

Here ln ( 0.5 , )Z N V V −  so that for any integer 1n   we have 

 
2 0.5 ( 1)0.5 0.5[ ]n nV nnV n VE Z e e −− += =  

 
By moment matching 
 

1 0[ ] [ ]TE A K E F Z F = − =  +  =  +  

 
2 2

2 0 1 1

2 2 2

1 1

2 2

1 1

[( ) ] [( ) ]
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( ) 2( )
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3 3

3 0 1 1

3 2 2 2 3 3

1 1 1

3 2 2 3 3

1 1 1
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( ) 3( ) [ ] 3( ) [ ] [ ]

( ) 3( ) 3( )

T

V V

E A K E F Z
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F F e F e
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= − − =  +  −
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Or 
 

1F = −  

 
2 2

2 1 1( ) ( ) Ve  = −  − +  −  

 
3 3 3 3 3

3 1 1 1 1( ) 3( ) 3( ) ( )V Ve e    = − − − + − − −  

 

 
The above equations have the following solutions: 
 

2
1

2 /z z





 = −

−
, where 

1/3
2 3

3 3 24

2
z

   + +
 =
 
 

 

 

1F M= −  

 
2

2

2

2
log

M F
V

F

 −  − 
=  

 
 

 
Therefore, we have 
 

( ) ( )

0

22 2

0 0

[ ]

[ ] 2

T

V

T

E A F K F

E A K K F F e

= + = + +

= + + + +
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2.3.2 Arithmetic Average Rate Option Formula 

We now assume  ln ( ,  )TA N Var , we then have  
20.5

[ ]n

T

Varn n
E A e +

=  for any integer 1n   

 
Or especially we have 
 

0.5
[ ]T

Var
E A e+=  

 
2 2 2

[ ]T

Var
E A e +

=  

 
This implies that 
 

2

2

[ ]
ln

( [ ])

T

T

E A
Var

E A

 
=  

 
 

 
The Asian Option PV in quoting currency is then calculated by the Black-Scholes formula as follows: 
 

ln( [ ] / ) 0.5 ln( [ ] / ) 0.5
[ ]Q Q T T

T

E A K Var E A K Var
AsianOption Df E A N KN

Var Var
  

    + −
=  −    

    
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Section 3. Appendix A: Market Data Setup 
 

3.1 The Primary Currency Discount Curve 
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3.2 The Quoting USD Discount Curve  
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3.3 The FX Spot Quotes  

 

 

 

3.4 The FX Rate Fixing Quotes  
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3.5 The GBP/USD Volatility Surface  
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3.6 The Pricing Environment 
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3.7 The Test Versions 

-user ird_user -password calypso -env v17 
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